73114 Introduction to Functional Analysis
Examination 10.5.2001

No notes, books or calculator

Problem 1. Let X and Y be normed spaces and A € £(X;Y). Show that if (z,) is a Cauchy sequence
in X, then (Az,) is a Cauchy sequence in Y.

Problem 2. Let X be a normed space, A € £{X) and ¢ > 0. Express

sup || Az||

lzli<e

in terms of the norm of A.

Problem 3. Let X be a Hilbert space and A € £(X). Show that N (A4) = N(A* A), where
NA)={zeX| Az =0}.

Problem 4. Let X and Y be normed spaces and f : X — Y continuous at zp € X. Show that if
f(zo) # O then there is an open ball B(zo,r) such that f{z) # O for every z € B(zo,r).

Problem 5. Let ¢2 be the sequence space
2 = {(zn)2; CC| Zn=1|zn|2 <oo}.
Define the operator A : £ — ¢2 by

T2 T3 T
Az = (:1:1,7,—5-,...,7",...), T =(zn), € £2.

(a) Determine the spectrum, o(A), of A, and provided that A has eigenvalues, the corresponding eigen-
vectors.

(b) Show that A is a compact operator (1/n — 0 is not acceptable as proof).



